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Abstract – This article considers the method of posterior 

predictive distributions as the one of the specific tools for 

checking the correspondence between data and the statistical 

model. The generated examples demonstrate that in the role 

of posterior predictive testing statistics (as a discrepancy 

measure), dispersion measures should be taken, because the 

central tendency measures do not give the expected results.  

Keywords – Posterior predictive distributions, Markov 

chain Monte Carlo (MCMC), Metropolis–Hastings algorithm, 

Data fitting methods. 

I. INTRODUCTION 

Let a random sample 𝑥(𝑗)~𝑓(𝑥|𝜃)  with a size 𝐽  be 

given from some distribution 𝑓(𝑥|𝜃). The estimation for 
the parameters 𝜃  can be performed using the Bayesian 
method, which examines the posterior distribution of 𝜃, 
given prior distribution 𝑓(𝜃) = 𝑓(𝜃|𝜏) with some known 
hyper-parameters 𝜏  [1], [2], [3] and [4]. The likelihood 
function has the form  

𝑓 (𝒙|𝜃) = ∏ 𝑓(𝑥(𝑗)|𝜃)

𝑗

 

and 𝑓(𝒙|𝜃)𝑓(𝜃) is the joint distribution of the data 𝒙 =
(𝑥(𝑗)) and the parameters 𝜃. For the posterior distribution 

of 𝜃 we have 

𝑓(𝜃|𝒙) ∝ 𝑓(𝒙|𝜃)𝑓(𝜃) = (∏ 𝑓(𝑥(𝑗)|𝜃)

𝑗

)  𝑓(𝜃) 

In this paper, by 𝑓(⋅) we will denote densities of given 
distributions, which will distinguish through the structure 
of the arguments.   

II. MATHERIALS AND METHODS 

This paper brings more theoretical content, which 
requires using of proper software. Here we use a specific 
Markov chain Monte Carlo (MCMC) technique, known as 

Metropolis – Hastings algorithm. Where necessary, 
numbers are rounded to the third digit after the decimal 
point. The form of 𝑓(𝜃|𝒙) usually is not easy to find. Its 
relief however can be achieved by mentioned MCMC 
method after generating a sufficient number of 
observations [5], [6], [7] and [8]. The popular Metropolis 
– Hastings algorithm with independent choice offers the 
following option. For the working distribution 𝑞(𝜃|𝜃′) we 
set the prior 𝑓(𝜃)  and the target distribution 𝜋(𝜃)  is of 
course the posterior one  

𝜋(𝜃) = 𝑓(𝜃|𝒙) ∝ (∏ 𝑓(𝑥(𝑗)|𝜃)

𝑗

)  𝑓(𝜃) 

The algorithm scheme looks like this. Start by 
choosing an initial observation 𝜃(0) . Then for a known  

𝜃(𝑛−1) do the following. 

1. Select a candidate 𝜃∗~𝑓(𝜃) and calculate  

𝓪 = min (1,
∏ 𝑓(𝑥(𝑗)|𝜃∗)𝑗  

∏ 𝑓(𝑥(𝑗)|𝜃(𝑛−1))𝑗  
) 

2. Generate 𝑢~𝑈(0,1). If 0 < 𝑢 < 𝓪 the candidate is 
accepted and put 𝜃(𝑛) = 𝜃∗ . Otherwise the candidate is 

rejected and put 𝜃(𝑛) = 𝜃(𝑛−1). 

In this way we obtain a random sample of observations  

(𝜃(𝑛)) from the posterior distribution 𝑓(𝜃|𝒙). Their local 

dependence can be mitigated by including in the sample 
only the members with index 𝑛 = 𝑘𝑖, for some fixed 𝑘 ∈
ℕ [9]. 

Example 1. Let 𝑥(𝑗)~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) be a random sample 

with size 𝐽 from a Poisson distribution with parameter 𝜆 >
0. Then 

𝑓(𝒙|𝜆) = ∏ 𝑒−𝜆
𝜆𝑥(𝑗)

𝑥(𝑗)!

𝐽

𝑗=1

∝ 𝑒−𝐽𝜆𝜆𝐽𝒙̅ 
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About the parameter 𝜆  we assume a gamma prior 
distribution 𝜆~𝐺𝑎𝑚𝑚𝑎(𝛼, 𝛽) , where 𝛼  (shape) and 
𝛽 (rate) are beforehand chosen hyper-parameters. For the 
joint density of 𝒙 and 𝜆 we have 

𝑓(𝒙, 𝜆) = (∏ 𝑒−𝜆
𝜆𝑥(𝑗)

𝑥(𝑗)!

𝐽

𝑗=1

)
𝛽𝛼𝜆𝛼−1𝑒−𝜆𝛽

Γ(𝛼)
 

A random sample of size 𝐽 = 100  was taken from 
𝑃𝑜𝑖𝑠𝑠𝑜𝑛(3)  distribution. The M-H algorithm here is 
specified as follows. Assume 𝛼 = 𝒙 and 𝛽 = 1, for which 
the mean of the prior distribution coincides with the mean 
of the data. Choose 𝜆(0)~𝐺𝑎𝑚𝑚𝑎(𝒙, 1).  Let the 

observation 𝜆(𝑛−1)  be known. Then for the next 

observation 𝜆(𝑛) do the following. 

1. Select a candidate 𝜆∗~𝐺𝑎𝑚𝑚𝑎(𝒙, 1) and calculate  

𝓪 = min (1,
𝑒−𝐽𝜆∗𝜆∗

𝐽𝒙̅ 

𝑒−𝐽𝜆(𝑛−1)𝜆(𝑛−1)
𝐽𝒙̅  

) 

2. Generate 𝑢~𝑈(0,1). If 0 < 𝑢 < 𝓪 the candidate is 
accepted and put 𝜆(𝑛) = 𝜆∗.  Otherwise the candidate is 

rejected and put 𝜆(𝑛) = 𝜆(𝑛−1). 

Perform 𝑚 = 1 000  initial iterations and yet 𝑁 =
1 000 000 basic iterations, from which we take every 100-
th in a row [9], obtaining a random sample of size 10 000. 
On the other hand 

𝑓(𝒙, 𝜆) ∝ 𝑒−(𝛽+𝐽)𝜆𝜆(𝛼+𝑥(1)+⋯+𝑥(𝐽)−1) 

whence the posterior distribution 𝑓(𝜆|𝒙) appears as the 
following gamma distribution  

𝐺𝑎𝑚𝑚𝑎(𝛼 + 𝑥(1) + ⋯ + 𝑥(𝐽), 𝛽 + 𝐽) 

Fig. 1 shows a very good practical fit between the 
histogram of the MCMC sample and the corresponding 
theoretical gamma distribution [𝐶ℎ𝑖𝑆𝑞𝑢𝑎𝑟𝑒(9) =
7.582; 𝑝 − 𝑣𝑎𝑙𝑢𝑒 = 0.577].  The following Table 1 
contains sample estimated characteristics of the posterior 
distribution 𝑓(𝜆|𝒙),  including the hyper-parameters 
𝑠ℎ𝑎𝑝𝑒 and 𝑟𝑎𝑡𝑒.  

TABLE 1. COMPARISON BETWEEN VALUES. 

 Shape Rate Mean SD 

Theoretical 312.090 101 3.090 0.175 

Empirical 315.793 102.247 3.089 0.174 

III. RESULTS AND DISCUSSION  

Let data observations 𝒙𝑜𝑏𝑠 = (𝑜(𝑗))  be given, for 

which a statistical model with a likelihood function 
𝑓(𝒙|𝜃)  is assumed with certain parameters 𝜃.  Posterior 
predictive distributions are formed by generating new 
possible data 𝒙𝑟𝑒𝑝, according to the  observed data 𝒙𝑜𝑏𝑠 

[10], [11] and [12]. This new possible data is generated by 
means of the formula  

𝒙𝑟𝑒𝑝(𝑛)~𝑓(𝒙|𝒙𝑜𝑏𝑠) = ∫ 𝑓(𝒙|𝜃)𝑓(𝜃|𝒙𝑜𝑏𝑠)𝑑𝜃 

where 𝑓(𝜃|𝒙𝑜𝑏𝑠) is the posterior distribution of 𝜃 . Any 
observation 𝜃(𝑛)~𝑓(𝜃|𝒙𝑜𝑏𝑠)  gives a response 𝒙𝑟𝑒𝑝(𝑛)  by 

random selection 𝒙𝑟𝑒𝑝(𝑛)~𝑓(𝒙|𝜃(𝑛)).  

  

Fig 1. Explanation to Example 1. 

Let 𝑔(𝒙)  be some test statistic for the model 

𝑓(𝒙|𝜃)𝑓(𝜃). Then (𝑔(𝒙𝑟𝑒𝑝(𝑛))) are observations for the 

random variable 𝑔(𝒙).  The belonging of the particular 
value 𝑔(𝒙𝑜𝑏𝑠)  far from the center of the empirical 

distribution of (𝑔(𝒙𝑟𝑒𝑝(𝑛))) indicates a misfit between the 

model and the data.  

The reader may see [13], [14], [15] and [16], where this 
approach is rigorously grounded.   

Example 2. In Example 1, 𝒙𝑜𝑏𝑠 are actually generated 
from 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(3) distribution. Let the test statistic be the 
standard deviation 𝜎(𝒙) . We perform 10 000  data 

generations (𝒙𝑟𝑒𝑝(𝑛)) , based on the one constructed in 

Example 1 sample from 𝑓(𝜆|𝒙𝑜𝑏𝑠) . The distribution of 
standard deviations is presented in the following Fig. 2. 

For the observed data, we have 𝜎(𝒙𝑜𝑏𝑠) = 1.787 , 
which represents approximately the 61% quantile for the 

empirical posterior predictive distribution of (𝜎(𝒙𝑟𝑒𝑝(𝑛))) 

observations. This value is close to the center of the 
distribution and indicates a good enough fit between data 
and the assumed model, which is an expected result, since 
the data are actually generated from a Poisson distribution. 

Example 3. Go back to Example 1, but this time let 
data be generated from a uniform distribution between the 
integers 0 and 9. Again, we will look for a model with a 
Poisson distribution, and as in Example 2, we will examine 

the posterior predictive distribution of 𝜎(𝒙𝑟𝑒𝑝). We repeat 

the scheme from the previous two examples with 10000 

observations (𝒙𝑟𝑒𝑝(𝑛)). The empirical distribution of the 

corresponding standard deviations is shown in Fig. 3. 

 

Fig 2. Histogram of (𝜎(𝒙𝑟𝑒𝑝(𝑛))) for Example 2. 
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Fig. 3. Histogram of (𝜎(𝒙𝑟𝑒𝑝(𝑛))) for Example 3. 

For the observed data, we have 𝜎(𝒙𝑜𝑏𝑠) = 2.873 , 
which lies far in the right tail of the posterior predictive 
distribution. This value indicates a poor fit between the 
observed data and the actually assumed model. 

Example 4. Let 𝑥(𝑗)~𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐(𝑝) be a random 

sample with size 𝐽  from the (zero based) geometric 
distribution with parameter 0 < 𝑝 < 1. Then 

𝑓(𝒙|𝑝) = ∏(1 − 𝑝)𝑥(𝑗)𝑝

𝐽

𝑗=1

= 𝑝𝐽(1 − 𝑝)𝑥(1)+⋯+𝑥(𝐽)

= 𝑝𝐽(1 − 𝑝)𝐽𝒙̅ 

The parameter 𝑝  is assumed to have beta prior 
distribution 𝑝~𝐵𝑒𝑡𝑎(𝛼, 𝛽), where the hyper-parameters 𝛼 
(shape) and 𝛽 (shape) are chosen in advance. For the joint 
density of 𝒙 and 𝑝 we have 

𝑓(𝒙, 𝑝) ∝ 𝑝𝛼+𝐽−1(1 − 𝑝)𝛽+𝐽𝒙̅−1~Β(𝛼 + 𝐽, 𝛽 + 𝐽𝒙) 

For this Example 4 is realized a random sample of size 
𝐽 = 100  from distribution 𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐(0.1) . The M-H 
algorithm here is specified as follows. Assume 𝛼 = 1 and 
𝛽 = 1 + 𝒙, under which the mean of the prior distribution 
coincides with the MLE estimate of 𝑝 from the observed 
data. 

Choose 𝑝(0)~𝐵𝑒𝑡𝑎(1,1 + 𝒙)  and suppose the 

observation 𝑝(𝑛−1) is known. Then for the next one 𝑝(𝑛) do 

the following. 

1. Select a candidate 𝜆∗~𝐺𝑎𝑚𝑚𝑎(𝒙, 1) and calculate 

𝓪 = min (1,
𝑝∗ 

𝛼+𝐽−1(1 − 𝑝∗)𝛽+𝐽𝒙̅−1

𝑝(𝑛−1)
𝛼+𝐽−1(1 − 𝑝(𝑛−1))

𝛽+𝐽𝒙̅−1
) 

2. Generate 𝑢~𝑈(0,1). If 0 < 𝑢 < 𝓪 the candidate is 
accepted and set 𝑝(𝑛) = 𝑝∗.  Otherwise, the candidate is 

rejected and set 𝑝(𝑛) = 𝑝(𝑛−1).  

Now perform 𝑚 = 1000 initial iterations and yet more 
𝑁 = 1 000 000 basic iterations, from which take every 
100-th in turn. In this way we get a good random sample 
from 𝑓(𝜆|𝒙)  with a size 10 000 . The posterior 
distribution 𝑓(𝑝|𝒙) is beta Β(𝛼 + 𝐽, 𝛽 + 𝐽𝒙). 

 

Fig. 4. Histogram of (𝜎(𝒙𝑟𝑒𝑝(𝑛))) for Example 4. 

Let, as in Example 2, the test statistic be the standard 
deviation 𝜎(𝒙)and let perform 10 000 data generations. 

(𝒙𝑟𝑒𝑝(𝑛)). The distribution of standard deviations is given 

in Fig. 4. 

For the observed data, we have 𝜎(𝒙𝑜𝑏𝑠) = 8.429 , 
which represents approximately the 71% quantile for the 
empirical posterior predictive distribution This value is 
close to the center of the distribution and indicates a good 
fit between the observed data and the model, which is an 
expected result since the data are actually generated from 
a geometric distribution. 

Example 5. Consider again Example 4, but this time 
the data is generated from a uniform distribution between 
the integers 0 to 9. Again, we will look for a model with a 
geometric distribution, and as in example 4, we will 

examine the posterior predictive distribution of 𝜎(𝒙𝑟𝑒𝑝). 

We repeat the scheme from the previous examples with 

10 000 generations (𝒙𝑟𝑒𝑝(𝑛)). The following Fig. 5 shows 

the empirical predictive distribution of the standard 
deviations. 

 

Fig. 5. Histogram of (𝜎(𝒙𝑟𝑒𝑝(𝑛))) for Example 5. 

For the observed data, we have 𝜎(𝒙𝑜𝑏𝑠) = 3.095 , 
which is approximately the 0.15% quantile for the 
empirical posterior predictive distribution and lies far from 
the center of the distribution. This fact confirms the misfit 
between the observed data and the assumed model. 

The above examples raise a further discussion about 
the extent to which the size of the empirical sample affects 
the results. The question of finding a wider variety of test 
statistics that highlight the lack of fit between the data and 
the model also remains under further discussion.  
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IV. CONCLUSIONS  

Posterior predictive distributions provide a unique 
method for testing the fit between the observed data and 
the corresponding statistical model. Some measure of 
dispersion should be chosen as a test statistic, because the 
measures of central tendency are not sufficiently 
consistent with the method, described above. More 
information about this approach, the reader can find for 
example in [13], [14], [15] and [16]. 

One may conclude that unimodal distributions are 
similar in their central areas, and the differences appear in 
the tails of their distributions.  
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  u ~ U  ( 0 , 1 ) .


  0 < u < 𝓪


    𝜆   ( n ) =   𝜆 ∗ .


    𝜆   ( n ) =   𝜆   ( n − 1 )


  m = 1   000


  N = 1   000   000


  10   000


  f  ( 𝒙 , 𝜆 ) ∝   e  −  ( 𝛽 + J ) 𝜆   𝜆   ( 𝛼 +   x   ( 1 ) + ⋯ +   x   ( J ) − 1 )


  f  ( 𝜆 | 𝒙 )


  G a m m a  ( 𝛼 +   x   ( 1 ) + ⋯ +   x   ( J ) , 𝛽 + J )


   [ C h i S q u a r e  ( 9 ) = 7 . 582 ; p − v a l u e = 0 . 577 ] .


  f  ( 𝜆 | 𝒙 ) ,


  s h a p e


  r a t e


    𝒙  o b s =  (   o   ( j ) )


  f  ( 𝒙 | 𝜃 )


  𝜃 .


    𝒙  r e p ,


    𝒙  o b s


    𝒙  r e p ( n ) ~ f  ( 𝒙 |   𝒙  o b s ) =  ∫  f  ( 𝒙 | 𝜃 ) f  ( 𝜃 |   𝒙  o b s ) d 𝜃


  f  ( 𝜃 |   𝒙  o b s )


  𝜃


    𝜃   ( n ) ~ f  ( 𝜃 |   𝒙  o b s )


    𝒙  r e p  ( n )


    𝒙  r e p  ( n ) ~ f  ( 𝒙 |   𝜃   ( n ) )


  g  ( 𝒙 )


  f  ( 𝒙 | 𝜃 ) f  ( 𝜃 )


   ( g  (   𝒙  r e p  ( n ) ) )


  g  ( 𝒙 ) .


  g  (   𝒙  o b s )


   ( g  (   𝒙  r e p  ( n ) ) )


    𝒙  o b s


  P o i s s o n ( 3 )


  𝜎  ( 𝒙 )


  10   000


   (   𝒙  r e p  ( n ) )


  f  ( 𝜆 |   𝒙  o b s )


  𝜎  (   𝒙  o b s ) = 1 . 787


   ( 𝜎  (   𝒙  r e p  ( n ) ) )


  𝜎  (   𝒙  r e p )


   (   𝒙  r e p  ( n ) ) .


   ( 𝜎  (   𝒙  r e p  ( n ) ) )


   ( 𝜎  (   𝒙  r e p  ( n ) ) )


  𝜎  (   𝒙  o b s ) = 2 . 873


    x   ( j ) ~ G e o m e t r i c ( p )


  J


  0 < p < 1


  f  ( 𝒙 | p ) =   ∏  j = 1  J     ( 1 − p )    x   ( j ) p =   p  J    ( 1 − p )    x   ( 1 ) + ⋯ +   x   ( J ) =   p  J    ( 1 − p )  J   𝒙 -


  p


  p ~ B e t a  ( 𝛼 , 𝛽 ) ,


  𝛼


  𝛽  


  𝒙


  p


  f  ( 𝒙 , p ) ∝   p  𝛼 + J − 1    ( 1 − p )  𝛽 + J   𝒙 - − 1 ~ Β  ( 𝛼 + J , 𝛽 + J   𝒙 - )


  J = 100


  G e o m e t r i c ( 0 . 1 )


  𝛼 = 1


  𝛽 = 1 +   𝒙 - ,


  p


    p   ( 0 ) ~ B e t a  ( 1 , 1 +   𝒙 - )


    p   ( n − 1 )


    p   ( n )


    𝜆 ∗ ~ G a m m a  (   𝒙 - , 1 )


  𝓪 =  min ⁡   ( 1 ,     p  ∗    𝛼 + J − 1    ( 1 −   p ∗ )  𝛽 + J   𝒙 - − 1    p   ( n − 1 )  𝛼 + J − 1    ( 1 −   p   ( n − 1 ) )  𝛽 + J   𝒙 - − 1 )


  u ~ U  ( 0 , 1 ) .


  0 < u < 𝓪


    p   ( n ) =   p ∗ .


    p   ( n ) =   p   ( n − 1 )


  m = 1000


  N = 1   000   000


  f  ( 𝜆 | 𝒙 )


  10   000


  f  ( p | 𝒙 )


  Β  ( 𝛼 + J , 𝛽 + J   𝒙 - )


   ( 𝜎  (   𝒙  r e p  ( n ) ) )


  𝜎  ( 𝒙 )


  10   000


   (   𝒙  r e p  ( n ) ) .


  𝜎  (   𝒙  o b s ) = 8 . 429


  𝜎  (   𝒙  r e p )


  10   000


   (   𝒙  r e p  ( n ) )


   ( 𝜎  (   𝒙  r e p  ( n ) ) )


  𝜎  (   𝒙  o b s ) = 3 . 095

